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Two inverse algorithms were applied for solving the EEG inverse problem assuming a single dipole as

a source model. For increasing the efficiency of the forward computations the lead field approach based

on the reciprocity theorem was applied. This method provides a procedure to calculate the computation-
ally heavy forward problem by a single solution for each EEG lead. A realistically shaped volume con-
ductor model with five major tissue compartrnents was employed to obtain the lead fields of the standard

10-20 EEG electrode system and the scalp potentials generated by simulated dipole sources. A leas!
squares method and a probability-based method were compared in their performance to reproduce the di-
pole source based on the reciprocal forward solution. The dipole localization errors were 0 to 9 mm and

2 to 22 mm without and with added noise in the simulated data, respectively. The two different inverse

, algorithms operated mainly very similarly. The lead field method appeared applicable for the solution of
the inverse problem and especially useful when a number of sources, e.g., multiple EEG time instances,

must be solved. o2o0oAcademicPress

1. INTRODUCTION

The measurement of the electroencephalogram (EEG) provides noninvasively obtained
data for localizing the electric sources generating the scalp potentials. During the past
few years the EEG inverse problem has been widely studied. In brief, the solution con-
sists of determining the equivalent source configuration generating the measured EEG
within a deflned volume conductor that preferably accurately reflects the patient's head.

The volume conductor model is used for obtaining the forward solution, i.e., the rela-
tionship between the equivalent sources and the scalp potentials. This provides the means
to estimate the sources of the EEG. In general, mathematically there is no unique solution
for the inverse problem. A physiologically meaningful solution can be found by applying
anatomical, physiological, and mathematical constraints and adequate volume conductor
and source models.

Fast analytical methods can be applied in the calculation of geometrically simple vol-
ume conductor models, such as concentric and eccentric spheres (1-9). The shape and
the tissue resistivities are major characteristics of the head as a volume conductor. This
stresses fhe importance of applying realistic models for improved accuracy at the cost of
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ACCURACY OF TWO DIPOLAR INVERSE ALGORITHMS 113

increased computing requirement. Both homogeneous and inhomogeneous models have
been used (10-15).In inhomogeneous models the amount of the tissue layers usually
varies from two to flve. However, the number of included tissue compartments is in-
creasing as computing capacity increases. For the forward solution boundary element
(BEM) (1 1, 12, 16-18), finite element (FEM) (19, 20), finite difference (FDM) (21-23),
and finite volume element (FVM) (10) methods have been applied. Each of these meth-
ods have their advantages and drawbacks in terms of the simplicity of the model con-
struction, modeled anatomical details, the efficiency, and the required computer
resources. Lately, models with several hundreds of thousands of elements can be
processed in reasonable time using ordinary workstations.

The inverse solutions can be divided into two rough groups, imaging and dipole lo-
calization methods (24). Inverse algorithms for single dipole localization have been
generally based on the least-squares approach using different optimization techniques
(e.g., 1, 2, 4). Also probabilistic methods have been applied (e.9.,25-26). The general
scheme for the dipolar source localization has been to assume one source configura-
tion, to calculate the corresponding forward solution, and then to compare the calcu-
lated potentials with the measured potentials until the optimal fit has been found. Since
there are numerous possible source locations and directions, the solution to the forward
problem must be efficient to find the solution in realistic time. When accurate and
detailed realistic models are employed, the forward solution can be time-consuming,
especially if the source of more than one EEG time instant is required (27 ). Therefore,
the development of fast forward solution methods as well as inverse algorithms are

equally important.
The main objective of this study was to demonstrate the usability of the reciprocally

calculated lead fields in the EEG inverse solution using an individually shaped inhomo-
geneous volume conductor model. In this respect the performance of two inverse algo-
rithms using simulated potentials caused by artiflcial single dipole sources at different
locations and varying directions were compared. The lead field approach based on the
reciprocity theorem provides a procedure to calculate the computationally heavy forward
problem by a single solution for each EEG lead.

2. MATERIALS AND METHODS

A. The Lead Field Concept

The determination of the forward solution can be based on the direct calculation of the
scalp potentials due to the equivalent dipoles or on reciprocal approach by calculating
the field at dipole location caused by current injected to the measuring electrodes.

The reciprocity theorem states that the electric field inside the volume conductor, e.g.,
the head, generated by a unit current applied to the surface electrodes expresses how the
same electrodes record potentials caused by dipole sources at any location within the vol-
ume conductor (28). Thus, the locations of the current source and the voltage measure-
ment can be swapped and the relation between these two factors can be obtained.

Thus, the lead field L6 is determined by applying a reciprocal current I. into the mea-
surement electrodes. This current generates an electric potential fleld O in the volume
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conductor. The lead field is the negative gradient of the electric potential f,eld normal-
ized by the injected cwent (29):

-voLo= ,. trl
The scalp potential @, (i.e., the potential difference between the surface electrodes)

generated by a single dipole can be calculated by taking the dot product of the lead field
and the dipole moment d:

@. = Lo'd I2l
The lead field must be recalculated if the properties of the volume conductor, e.g., tis-

sue resistivities, are altered, but the source location, direction, or the point of time do not
affect the lead field.

B. Construction of the Volume Conductor Model

In this study the volume conductor model was based on the Tl-weighted magnetic res-

onance (MR) images of an anatomically normal male, 28 years of age. One hundred trans-
verse slices of 2-mm thickness were obtained using a 3D gradienrecho technique and GE
Vectra 0.5T MR device. The images were stored as a set of 250 x 250 pixel matrices.

The images were segmented using the semiautomatic IARD (image enhancement, am-
plitude segmentation, region growing, and decision tree) method (-r2). The scalp, skull,
cerebrospinal fluid (CSF), gray matter, and white matter as well as the anatomical cavi-
ties (such as auditory meatus) were determined from the MR images. The segmentation
procedure assigns a tissue code for every voxel in the original image. These data are as

such applicable to the finite difference calculations (31).

For the evaluation of the real electrode locations the EEG electrodes were replaced by
oil capsules before the MR imaging. The electrode coordinates were defined from the
MR images with the manual option of the segmentation program. Thus, the electrode
locations were obtained in the coordinate system of the volume conductor model with-
out any image-matching operations.

In total 23 EEG electrodes were used, their positions being chosen according to the
international 10-20 electrode system (Fpl not used) and two additional electrodes were
placed on the cheekbones. Bipolar recordings were considered between these electrode
locations and a common ground electrode Fcz. Its position was between the Cz and Fz
electrodes.

The resistivity values for the different tissues were adopted from the literature (33,34).

The resistivities of the scalp, skull, CSF, gray matter, and white matter, were set tobe2.3,
177.6,0.65,2.5, and 5.0 f)m, respectively. All tissues were considered isotropic. The orig-
inal image resolution was downscaled to achieve reasonable computing times. Each slice
was converted to a i25 x 125 element matrix by superposition of four pixels to one. The
resulting volume conductor model consisted of about 7-mm2 pixels and 430,201 nodes.

C. Calculation of the Lead Fields

The FDM model based on the segmented data was employed to calculate the lead
flelds (21, 30, 3l). The current source (i.e., source nodes) was defined by selecting the
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closest node to the actual electrode location and eight closest surface nodes. For the cal-
culation of the lead field Lo the reciprocal source current was set to I A which can be
done due to the linearity of the problem by scaling the potential field by the applied cur-
rent (Eq. [1]). This current varies in ourmodel because the current source is set up using
constant voltage between the source nodes and the Ohm's law. The lead fleld procedure
appoints the three-dimensional lead vector for each node in the volume conductor model
by a single energization of the measurement lead. Thus, the forward calculation was
repeated 23 times to obtain the lead fields of all EEG recording channels.

D. Calculation of the Surface Potentials-Simulated Data

The simulated potential data were generated by inserting a dipole source into the con-
structed volume conductor model and calculating the scalp potential with the FDM solver.
Thus, to avoid trivial solutions due to reciprocity, the simulated potentials were not based
on the same forward solution as the lead fields employed in inverse solution. Fifteen dif-
ferent cortical dipole locations at varying depths in the upward z direction (Fig. 1) were
considered. Three different dipole directions (x, y, and z according to the rectangular grid
used for modeling) for each location were used. In all, 45 cases were considered as simu-
lated potential sets all scaled to correspond the potentials due to a I mA current source. For

Posterior

Cental

Temporal

FIG. f. Dipole locations for simulated data. Three areas (temporal, central, and posterior) and five levels
(1 to 5, 5 being the lowest) spaced by I cm were used. Three different dipole directions (x, y, and z) according to
the Cartesian coordinate system shown in the figure were considered for each dipole location.
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a few cases (Temporal 1, Central 3, and Posterior 4) random noise (1, 5,1O,20, and307o)
was added to the potentials. The sensitivity of the dipole localization to the changes in the
tissue resistivities was demonstrated by setting the resistivity values of the CSF to 0.56 Qm
(35) and the skull to 160.0 Om when calculating the surface potentials of three dipoles
(Temporal 3, Central 5, and Posterior 2).

The calculation of the lead fields and simulated potentials were carried out on a 160-MHz
Sun Ultra I workstation with 128 MB CPU, running the SunOS 5.5 operating sysrem.
The termination accuracy for the iterations was a 10-8 V difference in the absolute poten-
tial values.

D. Source Localization Algorithms

A single current dipole was assumed as source model. Thus, six dipole parameters
(three location parameters r = (rr, 12, r3)r and three moment parameters d = (dr, dr, dr)t
were to be determined. Two methods to obtain the inverse solution were applied: a least-
squares method and a probability based method.

In the least-squares method the cost function K must be minimized with respect to the
six dipole parameters:

K(r,d) = llo - L.d ll' t3l

Here @ and L6d are the measured and calculated potentials at rn electrodes, respectively.
L6 is the mx3lead matrix, containing the lead fields of the z electrodes at the location
r under consideration. Note that the location dependence of K is completely determined
bY L..

The d-dependence of K can be removed by the so-called locally optimal dipole prin-
ciple: For each location there is one dipole moment d that fits the measured potentials @
best. This locally optimal dipole moment d is given by:

6 = (r-[L*)-'lao t4]

@ is a vector in an rn-dimensional space R. The three columns of L6 span a three-
dimensional subspace S of this z-dimensional space. The cost function K is the squared
Euclidean distance between O and vector L6d lying in S. If O also lies in S, there is a vec-
tor d for which L6d = O and the minimum of 1( becomes zero. If @ does not lie in S, then
K is minimized for the vector d, for which L6d is an orthogonal projection of (D onto S.

Inserting [4] into [3] makes the cost function K independent of the dipole moment
parameters d:

Here I- is the rn x z identity matrix. The solution of the inverse problem is taken to be
the location f, where Khas its minimum, together with the locally optimal dipole at t'.

In the probability-based method, an exponential probability densityp(r) for the source
location is assumed, which has its maximum at the minimum of the cost function K:

K(r) : ll(,, - L*(LSLo)-'t;)* 
ll' tsl

-K(r)
a

I

-eN
p(r) = t6l
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N is a normalization factor

111

N-
-K(r)

ezdY

where G is the region taken up by the volume conductor and dV indicates the volume
integral. N is needed to define the probability density p. Note that p is symmetric in
the rn-dimensional space, but not necessarily in the three-dimensional location space.
The expectation value r'

I tll

r/=(r)=
K(r)

rezdY t8l
1

*J
together with the locally optimal dipole moment atr'is taken to be the solution of the
inverse problem. By using the expectation value one expects the solution being less sensi-
tive to noise. The probability based dipole localization method was first introduced by
Scholz and Schwierz (26)for magnetic measurements, but the application to electric poten-
tials is straightforward and has been done in (36). In fact, the least-squares method can also
be considered as a probability-based method; it is just the maximum likelihood estimation
for probability densities likep, which have their maximum at the minimum of K.

E. Measures of the Accuracy for Dipole Localization

The performance of the source localization algorithms was estimated by the two mea-
sures in comparison with the known dipole source parameters:

-flre 
en'or of the spatial location, q, [mm]

t; =fr;*-I"4.

-the 
moment direction error €d, [o]

tel

t10l

The dipole magnitudes were not compared. In the lead field approach an actual point di-
pole is used, while in the simulated dipoles two nodes with finite grid distance formed the
source and sink of the dipole. Thus, the magnitude values are not directly comparable.

3. RESULTS

A. Forward Calculation

The lead fields were calculated with an iterative FDM solver for all the 430,201 nodes
in the volume conductor model. The lead field calculations for different leads required
44,601 to 8 I ,807 iterations, the average being 62,570 iterations.

The simulated surface potentials were obtained from the potential data at the nodes
closest to real EEG electrode locations. The calculations for simulated potential data
required 38,037 to 145,147 iterations to terminate. The average was79,773 iterations.

/ d.,* 'd."r" )e^=acosl 
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The iteration time for the forward computations with this volume conductor model and
processor was 0.57 s per iteration.

B. Inverse Solution

The inverse solution using the lead fields and the simulated potential data was obtained
for both algorithms in a couple of minutes when the search was restricted to the brain.
The solution was thus found among the 177,868 nodes describing either the gray or white
matter. The localization accuracy for dipoles of different directions is from 0 to 8.8 mm
in a volume conductor model in size of an adult head (Fig. 2). The errors were in aver-
age 4.1 and 4.2 mm, respectively. The averages of different areas are given in Table I .

The moment direction error (Fig. 3) describes the angle between the calculated and the
simulated dipole source moments. The angles vary from 0.5o to 27" using the least-
squares algorithm and from 2" to 50o using the probability-based algorithm. The aver-
ages ofall dipoles are 10.5o and 11.8", respectively. The averages ofdifferent areas are
given in Table 2. The two algorithms gave otherwise very similar results, except in the
case of x-directed dipoles where the performance of the least-squares algorithm was
clearly better. Noise (1, 5, 10, 20, and 30 Vo) was added to the potentials of three dipoles
at different locations and directions. The results are very similar for both algorithms and,

thus, in Fig. 4 there are only the results for the least-squares algorithm. The localization
error increased up to 22 mm and the moment direction error up to 30" while the noise-
less values were less than 3 mm and 5o, respectively.

A few simulations were conducted for demonstrating the effects of the resistivity values
on the localization accuracy and dipole moment direction. The demand for accurate tissue

resistivity data is obvious from the results given in Table 3. An extensive change in both
the localization accuracy and moment direction ilrc to l4%o change in the CSF resistivity
ard l07o change in the skull resistivity was seen in the posterior dipole location.

4. DISCUSSION

In this study a single equivalent dipole source was used in testing two inverse algo-
rithms using simulated potential data. The localization accuracy is consistent with other
studies (23, 37).It should be noted that the results were obtained using the minimum
amount of measurement electrodes-the standard 10-20 electrode system-and thus,
with poor spatial resolution. Obviously, increasing the number of recording channels the
localization accuracy improves (37, 38). Our results demonstrate that neither the direc-
tion nor the depth ofthe dipole source plays an important role in localization accuracy.
Thus, the deeper sources and conical sources canbelocalized within the same error lim-
its, if good signal-to-noise ratio is achieved and the tissue resistivities are well defined.
The latter seems to be an elementary requirement if clinically obtained EEG data will be

analyzed.
The about 2-cm change in the dipole location dte to l47o change in the CSF resistiv-

ity value on the brain-skull border (the CSF layer may totally vanish using 2.6-mm grid
spacing) is dramatic. We have studied the effects of the tissue resistivities on the lead
fields (39). The results were given as the average changes of the length and direction of
the lead vectors in the brain. For the CSF the average for three EEG leads was3.4Vo dte
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FIG. 2. Dipole localization accuracy in millimeters for different dipole directions: (a) x-directed dipoles,
(b) y-directed dipoles, and (c) 7-directed dipoles. The units in -r axis correspond to the definitions given in
Fig. 1 (i.e., "Temporal 3" applies to dipole location in the temporal area at the level 3).
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TABLE I

The Localization Error Averagcs

Least, x Prob, x Least, _y Prob, y Lcast. ; Prob,:

Temporal
Central
Posterior
Average

4.2
2.1

t.7
2.7

4.b

3.0
1.1

3.t

4.6

5.5

5.1

5.1

4.6

5.5

5.2

5.1

3.5

4.3

5.8

4.5

3.6
4.1

5.5

4.4

Nole. Averages are calculated from the results of the five levels for each dipole area (refer to Fig. 1). The
bottom line is the average of these averages for each dipole direction (x, y, and x). The values are given in mil-
limeters. "Least" refers to least-squares algorithm and "Prob" refers to probability-based algorithm; x, y, and

z refer to dipole directions.

Lo lOVo decrease in the resistivity. The local changes especially at the tissue surfaces can
be remarkably greater. This must be observed while the EEG sources often lie on the sur-
face of the cortex.

The localization errors in Fig. 2 are mainly due to the discretization of the volume con-
ductor and the different source def,nitions used in the simulations and in the inverse pro-
cedure (dipole source vs point source). Otherwise the problem setup is ideal; the
simulated data and the lead fields were obtained using same resistivity data and poten-
tial data can be considered noiseless (possibly some rounding effors can exist).

The inverse solution includes in addition to the dipole location the estimate of the di-
pole moment, i.e., the direction and the magnitude of the source. The magnitudes were
not used in this study due to the different def,nitions for the dipole source in the lead fleld
approach and simulated data. For clinical applications, the location of the source seems
to be the most important parameter. The lead field approach itself can be used for dipole
magnitude estimation for point dipoles. However, the question arises if the EEG sources
are volume sources rather than ideal dipoles.

In (26) it is stated that the probability-based method avoids the drawback of being
trapped in a local minimum, which can happen using iterative inverse methods (e.g., a
gradient descent). The reason for the former is simply that to evaluate the expectation
value 1 all nodes need to be considered. This may become impractical for larger volume
conductors and so usually iterative methods in the least squares optimization method have
to be used. The iterative methods are not straightforward applicable to the probability-
based method without decreasing the spatial resolution. In this paper no iterative inverse
methods were used but all nodes were considered, especially as in the lead field approach
the solution is obtained by nature throughout the volume conductor model. This allowed
comparing the performance of the two methods for volume conductors of reasonable
size. In practice, both methods gave in general similar results.

A great deal ofresearch effort has been put on developing the EEG inverse procedures.
The single equivalent dipole source has few clinical applications, and thus, more com-
plex source models in terms of the number and type of the sources have been applied.
Another aspect of development concerns including the temporal dimension in the solu-
tion. The source imaging methods have also aroused interest during the past few years (40).
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FIG.3. Errors in dipole directions in degrees between the known and calculated dipole moments for
(a) x-directed (b) y-directed, and (c) 3-directed dipoles.

A common problem to all these approaches is to solve the forward problem efficiently to
obtain the inverse solution. The computing time of the lead fields is still remarkable in
our system. Since there has not yet been demand for fast processing of the data, the for-
ward calculation has been optimized by no means. The FDM calculation can be speeded

up at least with a factor of 9 (41) and the modern PCs have more computing efflciency
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TABLE 2

The Moment Direction Error Averagcs

Least, r Prob,;r Least, y Prob, y Least. z Prob, z

Temporal
Central
Posterior
Average

I 1.5

9.8
.1.3

8.5

13.2

5.2

15.7

9.7

20.9

13.9

14.8

9.7
15.0

13.0

12.6

9.4
5.6

9.6
8.2

9.t
5.0
'7.4

7.2

Note. The values are given in degrees. "l,east" refers to least-squares algorithm and "Prob" refers to probabil-
ity-based algorithm, r, ), and z refer to dipole directions.

than the workstation used in this study. Therefore, calculating the lead fields of 64, 128,
or even higher amount of EEG electrodes is possible in practice.

We have demonstrated the usability of the lead field approach based on the reciproc-
ity theorem in the EEG inverse problem by finite difference method using a realistically
shaped volume conductor model. On the basis of the lead fields the inverse solution is

o Temporal I

I Central 3

A Posterior 4

Localiation error l5
lmml

Amount of noise [7ol
(a)
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FIG. 4. Effects of the noise added to the simulated potentials on (a) the localization accuracy and (b) di-
pole moment directions using the least-squares algorithm. Results for three dipoles of different directions and
depths are shown. "Temporal 1" is y-directed, "Central 3" is z-directed, and "Posterior 4" is x-directed dipole.
Note that the x axis is not linear.
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TABLE 3

The Localization and Moment Direction (in Parentheses) Errors of thc Threc Simulated Dipoles
When C--hanging thc Rcsistiviry Values of rhe CSF and the Skull

183

Errors for altered resistivities

Reference values of errors CSF=0.56. Qm Skull=160, Om

Dipole Original least Original prob Least Least

Temporal 3,;
Central -5, r
Posterior 2, y

.1.8 ( l 3.0)
3.3 (r 8.6)
0.0 (24.2)

4.3 (12.5)

3.3 (33.5)

0.0 (22 3)

s.6 (13.1) s..r 03.2)
lr 4 (il.9) 8.1 (12.2)

1s.3 (4.r) rs.3 (89.e7)

Note. The values are given in millimeters and degrees, respectively. "kast" refers to leasrsquares algorithm and
"Prob" to probability-based algorithm. The original resistivity values were 0.65 C)m for the CSF and 1'l'7 .6 Qm
for the skull.

straightforward and fast to calculate usirg alternative source models within the brain re-
gion. Thus, the lead field approach allows a wide spread of brain functions to be studied.
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